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Abstract 

It is shown in the present note that the degree of the complexity of 
the time-reading process of the Salecker-Wigner clock depends on the 
size of the clock. This dependence leads to a relation between the size 
and the accuracy of the clock, and suggests a precise optimal value for 
the size in agreement with the order of magnitude value established 
by Salecker and Wigner. 


1 Introduction 

According to the laws of classical physics a clock of perfect accuracy is con¬ 
ceivable. However, a real clock is a quantum system, the position and the 
velocity of the center of mass of the hand have indeterminacies, therefore the 
accuracy of the clock cannot be perfect. The relation between the accuracy, 
the running time, the size and the mass of the clock depends on the details 
of the construction of the clock. 

More than half a century ago H. Salecker and E. P. Wigner proposed a 
model of a simple quantum clock and of its time-reading device in Section 3 of 
PP. Their clock consists merely of three free quantum bodies one of which is 
the hand, the two others are the ends of the linear dial. The reading device 
comprises a macroscopic time recorder (a classical macroscopic measuring 
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apparatus of von Neumann) and light quanta which scatter with the bodies 
of the clock and bring the information about the time carried by the clock 
to the recorder. 

The main result in [1] is a formula for the minimal mass M of the bodies 
of the clock in function of the running time T, the accuracy r and the linear 
size 2i (the distance between the dial bodies) of the clock. In particular, M 
turns out to be proportional to the inverse square of 2i. It is argued in [T] 
and on page 261 of [2] that it follows from the properties of the clock that 
the value of 2i is of the order of cr. In the present note it is shown that 
the complexity of the process of the time-reading depends on the size of the 
clock and this dependence suggests a precise optimal value of 2i close to cr: 
up to that value, given below in Eq. fl55]l the process of the time-reading is 
simpler than above it. 

A light quantum scattered by a small quantum body spreads in every 
direction, therefore the probability that a quantum scattered by a body of the 
clock reaches the recorder is very low. In order to guarantee that the quanta 
reach the recorder with certainty the discussion in [T] has been conhned to a 
world with only one space-like dimension. This restriction is maintained in 
the present note. The structure of the Salecker-Wigner (S-W) clock in the 
real (1 -I- 3)-dimensional world has been investigated in [3]. 

In Sections [2] and [3] below the main features of the (S-W) clock and of 
its time-reading device are recalled. In Section 0] the reasoning suggesting a 
precise value of the length of the dial is exposed. The calculations underlying 
the statements made in Section 0] are presented in Appendix 2. Appendix 1 
contains the derivation of Eq. (0]) of the main text. 

2 Description of the Salecker-Wigner clock 

The S-W clock consists of three free quantum bodies 1 , 2 , 3 of equal masses 
M. Bodies 1 and 3 , at rest in an inertial frame of reference at a distance 2i 
from each other are the ends of the linear dial which has no inner material 
division points. In conformity with [T] let the centers of mass (c. m.) of 
dial bodies 1 and 3 be located at the points Xdi = —i, Xd^ = £ of the X 
axis (Fig. [1]). (The c. m. coordinates of the three bodies have quantum 
indeterminacies. The exact values refer to the maxima of their Gaussian c. 
m. wave packets.) Body 2 moving with velocity —u (0 < u <C c) from body 

3 towards body 1 is the hand. 

It is argued in [T] that the effect of the scatterings of the bodies of the 
clock with the light quanta of the reading device is negligible as far as the 
state of motion of these bodies is considered. The velocity —u of the hand 
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Figure 1: The coordinates of the three bodies of the clock and of the recorder 


is constant in this approximation and the relation between the length 2i of 
the dial and the running time T is 

2i = uT. (1) 


The restriction to non-relativistic velocity n <C c is in conformity with the 
use of non-relativistic quantum mechanics in [1]. 

The time carried by the clock is related to the position Xh of the hand. 
A simple convenient relation is 


tc = 


Xh 

—u 


21 ’ 


( 2 ) 


then the hand starts from dial body 3 at the initial moment 


t 


in 

c 


rp 

21 


T 

2' 


(3) 


passes at the middle x = 0 of the dial when 4 = 0 and reaches dial body 1 
at the moment T/2. 

In pp a slightly different connection between Xh and the time carried by 
the clock, denoted there by to has been adopted. As shown in Appendix 1 
the relation between 4 and tc is 


II 

4 = (1 + /3)tc, /3 = — <C 1. (4) 

c 

Their difference is of no consequence for the results obtained in the present 
note. 

Since the S-W clock is a quantum clock the bodies constituting it have 
to be treated quantum mechanically. In conformity with [1] let the c. m. 
wave function of the hand be a minimal Gaussian wave packet at the initial 
moment of time f*" = —T/2. If the width of the packet, i.e. the positional 
indeterminacy Axh of the hand at that moment is such that 


MjAxhf 

h 


(5) 
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then during the running time T the width at most doubles, thus Ax/j keeps 
its order of magnitude. The uncertainty r of the time kept by the clock, 
called the accuracy of the clock in [1], then is 


T = 


Axfe 

u 


2i ' 


( 6 ) 


the time interval during which the c. m. of the hand is at a given point of 
space with considerable probability. (jS]) and ([6]) lead to the Salecker-Wigner 
mass formula 


M > -. 

~ ( 2£)2 r 2 


(7) 


(Similarly to pQ many of our formulas are order of magnitude estimates and 
numerical factors of the order of the unity are often omitted.) 

The relative accuracy of the clock is t/T. Its inverse is denoted by n in 


Cl; 



( 8 ) 


For a good clock 


n > 1 


(9) 


should hold. According to (jH]) and ([HD the relation between ^Xh and 2£ is 


Ax 



( 10 ) 


To estimate the value of 21 one has to take into account that 2^ = uT 
and u c. The features of the S-W clock offer only one quantity much 
smaller than 1, namely 1/n. Thus the plausible order of magnitude of u is 
c/n, therefore 

2i. = uT Ri —T = cr. (11) 

n 

It is easy to see that the uncertainty of u is still much smaller than u. Indeed, 
for a minimal Gaussian wave packet 

Axh ■ Aph ^ h, ( 12 ) 


where 

Ph = -Mu (13) 

is the momentum of the hand. It follows from ([ED, ([HD, flTOl) and ([ID that 


Au = 


Aph h 

_ 

M ~ MAxh 


, Axh 2^1 u 
1 Inn 


(14) 
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as it should be for a decent clock. 

At the time of the publication of [T] and |2] (in the late ‘50’s) atomic 
clocks of relative accuracy t/T ^ 10“^^ were operating. Probably this is 
why in [2] Wigner considers an S-W clock with running time T 10^ sec 
and accuracy r ^ 10“® sec, and he notices that such a clock is a macroscopic 
object: the length 2i = cr of the dial is of the order of a meter, and the 
mass of the hand, according to ([7]), is 0.1 gram. However, as shown in [1], 
less accurate S-W clocks can have microscopic size and mass. 


3 Description of the time-reading device 


The time-reading device consists of a macroscopic classical time recorder and 
of light quanta bringing the information about the time carried by the clock 
to the recorder. The wave packets of three quanta travel together along the 
negative X axis toward the clock. The members of such a triad are denoted 
by (1,2,3) in this note. In agreement with [T] each member of a triad is 
scattered back by a different body of the clock. To make the bookkeeping 
easy let dial body 1 scatter back only the quantum 1, the hand only the 
quantum 2 and dial body 3 only the quantnm 3. To achieve this the quanta 
of a triad must be distinguishable from each other, e.g. they should have 
different colors. 

The scattered quanta of a triad, travelling toward the recorder placed at 
a distant point of the negative X axis are denoted by (1, 2, 3), with a hat at 
the place of the tilde of the incoming quanta. 

The recorder can register the times of arrival of the quanta of a 

triad. The time tc carried by the clock, dehned in ([2]) above is simply related 
to the ratio of two differences of these times of arrival. Namely 


where 


2 = 


-1 + s)t 

( 15 ) 



3 2 

fd - td ■ 

''3 A 

( 16 ) 


In order to obtain relation ffT^ let us determine the time dependence of 
the coordinates of the scattered quanta. The incoming quantnm 2 is scattered 
back by the hand. They meet at the point Xh at the moment tc given in (|2i) . 
At that moment 2 becomes 2, and 2 travels toward the recorder with velocity 
—c. Therefore 


^2(^) = “C(f - tc) +Xh, t> tc 


(17) 
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The incoming quantum 1 is scattered back by dial body 1. They meet at the 
point Xdi = —i earlier than 2 meets the hand, namely at the moment 


Therefore 


Xh - (-^) 
c 


X^it) 



Xh+J^ 


-c{t - tc) -Xh-2i; t> tc 


Xh + i 

•) 

c 


and for x-g{t) one obtains 


(18) 


(19) 


£ — Xh 

= —c{t — tc) — Xh + 2i; t >tc-\ -. (20) 

Since the three scattered quanta travel with equal velocity —c, the differences 

Xg — Xg — X 2 do not depend on t: 

Xg - xy = 4i, (21) 

Xg - Xy = 2(£ - x/j). (22) 


These coordinate differences are simply related to the differences of the times 
of arrival in flTBD : 


therefore 


Xg - Xy = C - tf) , 

(23) 

Xg - xy = C , 

(24) 

Xy — Xy 1 Xh 

^ Xy — Xy 2 2£ 

(25) 


Remembering that according to 


X, = - 2 «| 


(26) 


fl25ll gives 



(27) 


a relation equivalent to flTB]) . 

It has been stressed in [T] that it is advantageous to express tc as a function 
of g because the ratio of two time intervals, as well as of two parallel distances 
are Lorentz invariant quantities. Therefore flTHl) is valid even if the dial of the 
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clock is in motion relative to the recorder. In the present note the discussion 
will be restricted to the case when both are at rest. Then 

1 AP 

= = - ( 28 ) 

is known, so only and should be registered by the recorder, tc is then 
given as 



4 Dependence of the process of the time-reading 
on the length of the dial 

With one triad only a single value of the time carried by the clock can be 
registered. In order to make possible more than one reading coming from 
any of the n time intervals r of the running time T, in [1] an array of n triads 
impinges on the clock. The hand will scatter with a quantum 2 at regular time 
intervals r if the distance between the consecutive triads travelling toward 
the clock is 

{c + u)t = ct{1 + 13). (30) 

Here it has been taken into account that the hand is moving with velocity 
—M, opposite to the velocity c of the incoming quanta. In [1] instead of fl30|) 
the approximate value cr has been employed. 

In this note the triads travelling toward the clock are denoted by 

(^Tfc,2fc,3fc) ; /c= l,2,...,n, (31) 

and the reflected triads by ^lfc,2fc,3fcj. According to fl2^ the scattering of 
the quantum 2^ with the hand occurs at the time 



In this formula the scattered quanta 2^, 3^ belong of course to the same triad. 
Therefore in addition to the registration of the times of arrival the recorder 
should recognize the triad partners in the array of the quanta reaching it. 
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The process of this recognition tnrns ont to depend on the length of the dial. 
Below this dependence is ontlined. The nnderlying calculations are given in 
Appendix 2. 

If the length of the dial is 

2£=icr(l + /3) (33) 


or shorter, then the first quantum 3 arriving at the recorder after a quantum 
2 is certainly the triad partner of that 2. In this case the pairing of the triad 
partners (2, 3) can be done without the knowledge of the serial number k of 
the quanta. However, if the dial is longer the pairing is not so simple. If the 
length of the dial is 

2£ = cr(l + /3), (34) 


twice the value given in fl5^ . then the triad partner of a 2 is the hrst 3 
arriving after that 2 if 


k < 


n + 1 
2 


(35) 


and the partner is the second 3 if 


k > 


n + 1 
2 


(36) 


Without information about the value of k the pairing is now ambiguous, 
causing in the time-reading an ambiguity T/2, much larger than the accuracy 
r of the clock. 

More generally, if the length of the dial is 

777 

2i=-cT{l + (3) (37) 


with 

m = 2,3,..., (38) 

then depending on the value of k the triad partner of a 2 is one of the m 
quanta 3 following that 2. Without the knowledge of k the ambiguity in the 
pairing is now m-fold and the ambiguities in the time-reading are 



m m 


m — 

-T. 

m 


(39) 


So, fl3^ is the maximal length of the dial at which the time-reading can be 
carried out without the knowledge of k. It is therefore convenient to use a 
clock with such a dial. fl3^ is in agreement with the order of magnitude 


2i Ri CT 


( 40 ) 





proposed in pQ and |2]. 

If holds it is sufficient to switch on the recorder at any moment 
during the arrival of the quanta and to register the times of arrival of a 2 
and of the 3 arriving hrst after that 2. The moment tc when a quantum 2 
was scattered back by the hand and became the 2 in question is given by the 
formula 



in which the value of k is not specihed. 

If the dial is longer than the value given in fl33|l . namely if its length 
is equal to (jST]), then the knowledge of the serial number k is needed for 
the identihcation of the triad partner 3 of a 2. Accordingly, the process of 
the time-reading becomes more complicated, but it is noteworthy that the 
serial number of a quantum can be obtained without counting the quanta 
arriving at the recorder. In particular, as shown in Appendix 2, the serial 
number of a 2 can be deduced from the difference between its time of arrival 
at the recorder and the time of arrival of the hrst quantum 2i. Therefore the 
recorder should be switched on already before the arrivals of the quanta and 
the time of arrival of the hrst quantum 2i should be registered. Then from 
the diherence of the times of arrival of 2i and of a 2 registered later the serial 
number k of that 2 gets known, and its triad partner 3fc can be identihed. 
The time tc when 2^ met the hand and became the 2^ in question is given in 

(133). 


Appendix 1 


In this appendix relation (jl]) between to and tc is derived. 
In [1] the time to carried by the clock is given in Eq. (p 


c — V i , 

to = -(2r - 1). 

V c 


Here v stands for the negative velocity of the hand and 


r = 


''2 A 

t^ -t^' 


(Al) 


(A2) 


The expression of v and r through the velocity u and the ratio p (see f[T6|) I 
used in this note is 


V = —u, 
r = 1 — g. 
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(A3) 

(A4) 





Substituting flA3p and flA4p into flAlD relation (jip is easily obtained, with t, 
given in ffl^ . 


Appendix 2 

In this appendix it is shown that if the length of the dial is 

2£=lcr(l + /3) (A5) 

or shorter, then the triad partner of a quantum 2 is the hrst quantum 3 
following that 2 on the way toward the recorder. In this case the identification 
of the triad partners (2, 3) can be done without the knowledge of the serial 
number k. However, if the dial is longer than the value in flASp . namely if 

Tfl 

2^ =—ct{1 + (3), m = 2,3,..., (A6) 

then the pairing depends on the value of k. 

The proof of the above statements relies on the comparison of the distance 
Xn — Xn between the consecutive quanta 3 with the distances Xn — x^ 

between the triad partners 2*,, 3^. 

It is easy to see that 


2^3,+ = (A7) 

Indeed, as told before Eq. fl30p . cr(l + (3) is the distance between the con¬ 
secutive triads impinging on the clock, in particular between the consecutive 
quanta 3 scattered back by dial body 3 at rest. The scattered 3’s are the 
3’s, therefore the distance between the consecutive 3’s is equal to the same 
distance cr(l -|- (3). 

Let us now look at the distances — x^^. According to (I22p 

^ 3 , - ^ 2 , = 2 (^ - , A; = 1, 2,..., n, (A8) 


where is the coordinate of the hand at the moment of its scattering with 
the quantum 2^ which becomes 2^ at that very moment. As told before 
Eq. fl30l) such scatterings follow each other at time intervals r. During one 
interval the hand covers the distance 


21 21 

UT = —T = - 

T n 


(A9) 
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(k) fl) 

in the negative X direction, therefore the relation between and is 

2/ 

— (/c — 1) —, A; = 1, 2,..., n. (AlO) 

Since the hand starts from the point Xd^ = i, its scattering with the hrst 
quantum 2i occurs in the interval ^ • Let us consider the case when 

this scattering happens at the middle point 


^(1) _ 
*L' L. — 


n 


(All) 


of the interval. The results obtained in this special case concerning the 
time-reading process are valid also for other points of the interval. The 
mathematical derivation involves cumbersome notation in the general case. 
From flASp . flAlOD and flAllD it follows that 


A; — 1 


X n X o 

Ok 

= Ai -A; = 1, 2,..., n. 

n 

(A12) 

Let us now look at the case when the length of the dial is 

given by (jASj): 


2i = ^cr(l + /?). 

(A13) 

Then according to (jATj) 

Xn — Xn = Ai, 

Ok Ok-1 ’ 

(A14) 

and flAl2) leads to 



Xn — Xly = ( 
Ok ^k \ 

. ry* .1 " rf> . rtft . 

tjU n Ju o 1 vT Q tX/n 

^ 6k 6k-i J ok-i 

(A15) 


for all values of k. flAlSp says that 2^ travels toward the recorder between 
3fc_i and 3 a; (Fig. |2]), so the triad partner of 2^ is indeed the hrst quantum 3 
following 2fc. 


< - 4£ -M- i£ - 

-■- ^ -4--I-^ 

rec 3fc_i % % 3fc+i X 

Figure 2: The case 2i = |cr(l -|- /3) 

Let us now consider the cases when the length of the dial is given by 
relation flA6p . The general result for m >2 described in Section 0] can be 
inferred from the special cases m = 2 and m = 3 discussed below. 
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For m = 2 flA6D and flA7D give 


Xn—Xn = 2i, 

Ok Ok-1 ’ 

(A16) 

so f|A12) becomes 


/ \ 2fc - 1 

rr» . rtrt . - 1 rtrt . . 1 

th/ Q tJy o - 1 Q Q 1 • 

Ok ^k \ Ok Ok-1 J ^ 

(A17) 

According to this relation if 


, n + 1 

k< 2 

(A18) 

then 


JU O JU r\ JU n JU o ^ 

Ok ^k Ok Ofc-l’ 

(A19) 


2fc travels between 3fc_i and 3^, thus the triad partner of 2^ is again the first 
3 following 2fc (Fig. 


<- 4i -)• 

-■-^- 1 - 1 - 1 ->• 

rec 3jt_2 3/,_i 2^ 3^ X 

a.) 


i - U - 

-■- 1 - 1 - 1 -^^ 

rec 3fc_2 % 3fc_i 3^. X 

h)k>^ 


If 


Figure 3: The cases m = 2 


(A20) 


then 2fc and 3fe_i travel together, and the triad partner of 2^ is still the hrst 
3 following 2fc. However, if 

k > — (A21) 


then 


•jU o tAj rt JU n Jb o ^ 

Ok Ok Ofe-l’ 


(A22) 
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2fc travels between 3^-2 and 3fc_i, and the triad partner of 2^ is the second 3 
following 2fc. 

Dealing with relations involving k and n one shonld take into acconnt 
that both k and n are integers. Thns for even valnes of n the case flA2np 
does not occnr, and in flAlSp the highest occurring value of k is n/2. 

If the recorder is turned on at a moment during the arrival of the quanta, 
the serial number fc of a registered quantum 2 is not known, and it is ambigu¬ 
ous whether the hrst or the second quantum 3 is its triad partner. According 
to flAlbjl the distance between these 3’s is 2£, and from fl32l) it follows that 
the ambiguity in tc is 


A4 


2i _ T 
AT ~ 


(A23) 


much larger than the accuracy r of the clock. 

Let us now look at the case m = 3. Then according to flA6D and flA7D 


^ 3 , - ^ 3,_1 = y > A; = 1, 2,..., n, (A24) 

and with flA12jl 

/ \ k — - 

Xn — xs = (xo — Xo )3-(A25) 

3fe Y -ik 3fc_i J ^ ^ 

The triad partner of 2^ is now the hrst 3 following 2^ if 


vL Q vL O ^ vL Q vL Q « 

Ok — Ok Ok-V 


i.e. according to flA25p if 

The triad partner of 2^ is the second 3 following 2^ if 


, n 1 
k < —I—. 
“3 2 


(A26) 

(A27) 


X Q X Q 

Ok Ok- 


< Xq 
1 Ok 


Co < Xq — Xq 
^k — Ok Ok-2 


(A28) 


i.e. if 


n 1 , 2n 1 

— “t“ — ^ k ^ — -\- —, 
3 2 ~ 3 2 


and the triad partner is the third 3 if 


2n 1 , 1 

- |--<A;<n-|--. 

3 2 “ 2 


(A29) 


(A30) 


If the value of k is not registered by the recorder the ambiguity in the 
choice of the triad partner 3 of a 2 is now three-fold. According to (IA24p 
the distance between 3^ and 3fc_i, as well as between 3fc_i and 3fc_2 is 4£/3, 
between 3^ and 3^-2 it is 8^/3. Therefore from fl3^ it follows that the 
ambiguities in the value of tc are T/3 and 2T/3. 
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